ABSTRACT: This paper presents a simple four-parameter model that can represent the shear modulus factors and damping coefficients for a granular soil subjected to horizontal shear stresses imposed by vertically propagating shear waves. The input parameters are functions of the confining pressure and density and have been derived from a generalized effective stress soil model referred to as MIT-S1. The predicted shear moduli and damping factors are in excellent agreement with high quality resonant column test data on remolded sands and confining pressures ranging from 30 kPa to 1.8 MPa. The proposed model has been implemented in a frequency domain computer code. By simulating the variations in stiffness and damping with confining pressure, the proposed model provides a more realistic simulation of ground amplification that does not filter out high frequency components of the base excitation.
INTRODUCTION
It is now standard practice in seismic engineering to take into consideration the nonlinear behavior of soils undergoing time-varying deformations caused by earthquakes. While it is in principle possible to perform true incremental analyses in which the soil properties are adjusted according to the load path and instantaneous levels of strain, this is seldom done in practice. Instead, in the most widely used approach, approximate linear solutions are obtained using an iterative scheme originally proposed by Seed and Idriss (1970) . In this method, the soil properties are chosen in each iteration in accordance with some characteristic measure of strain computed in the previous iteration. While the linear iterative solution may not provide an exact solution to the nonlinear soil dynamics problem at hand, it often produces acceptable results for engineering purposes (Constantopoulos et al. 1973) . SHAKE (Schnabel et al. 1972 ) is perhaps the best known and most widely used computer program using this type of iterative linear algorithm.
Much progress has also been made recently in laboratory experiments attempting to simulate the in situ conditions that might exist in deep soil deposits (Laird and Stokoe 1993) . Soil samples subjected in these tests to confining pressures as high as 5 MPa have revealed patterns of nonlinear behavior that, while qualitatively similar to the response under lower confining pressures, exhibited less degradation of shear modulus with strain (i.e., remained nearly elastic). The damping due to hysteresis was correspondingly smaller. Testing at higher confining pressures has proved a difficult task. Thus, it is desirable to develop an analytical model, such as SHAKE, that can supplement the experimental data and can be used in computer models of wave propagation in soils.
NONLINEAR SOIL BEHAVIOR
Once shearing strains exceed about 10 Ϫ5 (referred to as the linear threshold), the stress-strain behavior of soils becomes increasingly nonlinear, and there is no unique way of defining shear modulus or damping. Therefore, any approach to characterize the soil for analyses of cyclic loading of larger intensity must account for the level of cyclic strain excursions.
When ground motions consist of vertically propagating shear waves and the residual soil displacements are small, the response can often be characterized in sufficient detail by the shear modulus and the damping characteristics of the soil under cyclic loading conditions. It is usual practice to express the nonlinear stress-strain behavior of the soil in terms of the secant shear modulus and the damping associated with the energy dissipated in one cycle of deformation. With reference to the hysteresis loop shown in Fig. 1 , the secant modulus is usually defined as the ratio between maximum stress and maximum strain, while the damping factor is proportional to the area ⌬ E enclosed by the hysteresis loop, and corresponds to the energy dissipated in one cycle of motion. It is readily apparent that each of the aforementioned properties depends on the magnitude of the strain for which the hysteresis loop is determined; thus they are functions of the maximum cyclic strain.
The simplified response illustrated in Fig. 1 can be described through a backbone curve, corresponding to first loading, together with a set of rules for unloading and reloading, as proposed by Masing. Rheological models of this type can be represented by a set of elastoplastic springs in parallel, with input parameters obtained by curve fitting the measured data.
When opting for an equivalent linear analysis, the characterization of the soil consists of three parts ( Fig. 2): 
FIG. 2. Secant Modulus and Material Damping Ratio as Function of Maximum Strain
• The maximum shear modulus G max in the very small strain linear region.
• The reduction curve for G/G max versus maximum cyclic strain ␥ c (referred to as modulus degradation curve), with G being the secant modulus.
• The fraction of hysteretic (or material) damping versus the maximum cyclic strain ␥ c . This parameter is defined as the area ⌬E of the hysteresis loop and normalizing it by the ''elastic'' strain energy through the following expression:
In the case of dry cohesionless soils, the physical origin of the variation in modulus and damping with cyclic strain, as reflected in the shapes of the curves in Fig. 2 , is now well understood. Both parameters are related to the frictional behavior at the interparticle contacts and the rearrangement of the grains during cyclic loading (Dobry et al. 1982; Dobry 1992, 1994) . Therefore, even crude analytical models of particles can be used to mimic the degradation curves of G/G max and versus ␥ c , provided that they include friction and allow for particle rearrangements.
It should be noted however that reversible behavior is associated with minimal rearrangement of particle contacts and irrecoverable, plastic strains become significant only at strain levels ␥ c Ն 0.1%. Therefore, for smaller cyclic strain amplitudes dissipation of energy must be related to frictional behavior at contacts.
EFFECT OF CONFINING PRESSURE ON MODULUS AND DAMPING

Cohesionless Soils
The modulus degradation and damping curves most often used for dry cohesionless soils, such as sands and gravels, are those proposed by Seed and Idriss (1970) . Based on the experimental data by Hardin and Drnevich (1970) and others, these standard curves are extensively used in equivalent linear analysis of earthquake excitations and machine vibrations. The approach by Seed and Idriss (1970) assumes that the G/G max and curves are essentially the same for sands, gravels, and cohesionless silts. Their generic response curves assume that the degradation curves are independent of the cycle number considered as well as the void ratio (or relative density, sand type, and confining pressure). However, it should be noted that all the aforementioned factors do significantly affect the maximum shear modulus G max .
Laboratory measurements provide evidence in support of some of these simplifying assumptions. They show that void ratio, overconsolidation, sand type, and cycle number (Iwasaki et al. 1978; Dobry et al. 1982) do indeed have relatively small influence on the measured backbone curves. They also show that the method of sand deposition, existence of static shear stress, grain size (sands versus gravels) are also of secondary importance (Hardin 1965; Hardin and Drnevich 1972a; Tatsuoka et al. 1979; Seed et al. 1986 ). However, the influence of the confining pressure is significant and cannot possibly be ignored, especially when performing dynamic analyses for deep soil deposits. A number of laboratory studies (described later) on hydrostatically consolidated sands have shown that their stress-strain response becomes more linear as the confining pressure increases (i.e., as 0 increases, G/G max increases and decreases).
[Laboratory data show minor influence of K 0 on the shear modulus degradation and damping curves (Hardin and Drnevich 1972a) .] In addition, large confining pressures lead to substantial reductions in material damping at small strain (i.e., min ). The reason for these effects with increasing 0 is related to the different rates at which the small strain modulus and the shear strength of the soil increase when the pressure increases (Hardin and Drnevich 1972a; Seed et al. 1986; Laird and Stokoe 1993) .
To illustrate this assertion, consider the hyperbolic model frequently used to represent the stress-strain behavior of soils. In this model, the backbone curve is defined in terms of two parameters, namely, the small strain shear modulus G max and the shear strength max . The hyperbolic equation for the backbone curve is as follows:
Alternatively, = [␥/(␥ r ϩ ␥)] max , in which ␥ r = max /G max is a reference strain (Hardin and Drnevich 1972b) . Therefore, the corresponding modulus degradation curve is only a function of the reference strain, namely
For an isotropically consolidated sand subjected to a pure shear loading, Coulomb's strength law indicates that max = 0 tan , in which is the angle of internal friction of the soil. On the other hand, the low strain shear modulus is usually approximated as G max = where m = 0.5 Ϯ 0.1, and A is increases, ␥ r and G/G max increase, as verified by the experimental data (Shibata and Soelarno 1975) . A later section presents experimental results obtained by Laird and Stokoe (1993) , who determined the degradation curves of isotropically consolidated sand specimens subjected to confining pressures as high as 0 = 3.5 MPa. It will be seen that high values of 0 lead to degradation curves that lie beyond the bands given by Seed and Idriss (1970) . Hence, use of the standard curves for dynamic response analyses involving cohesionless soils at very high confining pressures could be unconservative, as those curves might severely overestimate nonlinear effects in the soil as well as its tendency to dissipate energy.
Wet Cohesionless Soils
The degree of saturation in cohesionless soils certainly affects the reduction curves for shear moduli and damping at large shear strain amplitudes (i.e., ␥ c Ն 0.1%). For smaller strain amplitudes, soil behavior can be approximated as uncoupled (i.e., minimum volume change and pore pressure generation are introduced by shearing). Therefore, it is presumed that the curves for dry materials may also be applicable to saturated granular soils for shear strain amplitudes ␥ c Յ 0.1%, with the response controlled by the in situ effective confining pressure
where u = in situ pore-water pressure. Clearly, if water is not trapped between the soil particles during shear, it does not participate in the stress-strain response or in the energy dissipation in the material. In such a case, damping is completely caused by friction due to interactions between the particles, as if the soil was dry. It should be noted, however, that this might not apply to small strain, high frequency cyclic loads in a resonant column test. In such a case, damping values will be higher for a saturated material because of viscous effects caused by the relative movement between the solid phase and the pore water. This difference in damping between dry and saturated soil is generally not significant for low frequency dynamic phenomena such as earthquakes, but may be relevant to high frequency vibrations such as generated by explosions and machine vibrations.
EXPERIMENTAL DATA ON COHESIONLESS SOILS
To determine the dynamic properties of granular soils at significant depths, Laird and Stokoe (1993) carried out laboratory tests at the University of Texas at Austin. The objective of the experiments was to determine the dynamic properties of soils at significant depths for dry and saturated specimens at confining pressures up to 0 = 3.5 MPa. The results of these tests demonstrate the effects of confining pressure on shear modulus and damping described previously.
Washed mortar sand was used to build remolded sand specimens. The sand is poorly graded, with a medium to fine grain size, and is classified as SP in the Unified Classification System. For the construction of the remolded sand specimens, the undercompaction method (Ladd 1978 ) was used.
Resonant column (RC) and torsional shear (TS) equipment was used to investigate the dynamic characteristics of the samples tested at the high confining pressures attained by the group at University of Texas at Austin (Isenhower 1979; Lodde 1982; Ni 1987; Kim 1991) . The equipment is of the fixed-free type, with the bottom of the specimen fixed and torsional excitation applied at the top. RC and TS tests were performed in a sequential series on the same specimen over a range of shearing strains from about 10 Ϫ4 % to slightly more than 10 Ϫ1 % by changing the frequency of the forcing function. The primary difference between the two types of tests is the excitation frequency. In the RC test, frequencies above 20 Hz are required and inertia of the specimen and drive system are needed to analyze these measurements. On the other hand, slow cyclic loading with frequencies generally below 5 Hz is prescribed in the TS tests and inertia does not enter the data analysis.
Figs. 3 and 4 show the shear modulus degradation and material damping curves for different values of confining pressure, respectively. The results show that the cyclic strain at the linear limit increases with the confining pressure. Figs. 5 and 6, on the other hand, show the dependence with the level of confinement of the small strain shear modulus G max and material damping min . Clearly, materials with higher confinement are stiffer at small values of strains.
The need to implement concisely the experimental results presented previously into a computer code for seismic amplification provided the motivation for formulating a theoretical model representing the effect of confining pressure on the soil behavior under cyclic loading. This is described in the following.
MIT-S1 MODEL FOR CLAYS AND SANDS
Pestana (1994) developed a generalized, effective stress soil model, referred to as MIT-S1, which describes the rate-independent behavior of freshly deposited and overconsolidated soils. The MIT-S1 model formulation is based on the incrementally linearized theory of rate-independent elastoplasticity. It retains the basic three-component structure of the MIT-E3 model (Whittle 1987) as follows:
• An elastoplastic model for normally consolidated soils with a single yield function, and nonassociated flow and hardening rules to describe the evolution of anisotropic stress-strain properties.
• Equations for the small strain nonlinearity and hysteretic stress-strain response in unload-reload cycles.
• Bounding surface plasticity for irrecoverable, anisotropic, and path-dependent behavior of overconsolidated soils.
In addition, the MIT-S1 model addresses two well-known features of soil behavior: • The yield behavior is a function of previous stress history and depends on the current mean effective stress and density.
• Dense sands and heavily overconsolidated clays exhibit dilative behavior during shearing, while normally consolidated clays experience primarily contractive behavior.
Provided that modulus degradation and damping for 1D wavepropagation problems involve relatively small strain amplitudes (i.e., plastic components of deformation can be ignored), a reduced form of the MIT-S1 model can be used to model the behavior of granular materials under cyclic shear and constant effective stress. The goal is to develop, on a theoretical basis, the effect of confining pressure on the shear degradation curves and the material damping. The model is then used in the simulation of 1D amplification effects in a deep soil deposit. A brief description of the MIT-S1 input parameters required for 1D analysis is first presented, followed by a derivation of analytical expressions for the shear modulus degradation and damping ratio curves. The following paragraphs use the notation introduced by Pestana (1994) .
Elastic Components
Most generalized soil models assume that the elastic bulk modulus is given by a power law function of the mean effective stress, while the shear modulus is obtained by assuming a constant Poisson's ratio Ј. The resulting elastic formulation is found to be nonconservative (i.e., generates or dissipates energy during a closed stress path [e.g., Houlsby (1985) ]. Conservative elastic formulations for granular soils as well as clays have been recently proposed (Loret and Luong 1982; Houlsby 1985; Lade and Nelson 1987) . In these cases, the resulting elastic bulk and shear moduli are complex functions of the shear stress (or stress ratio) and the mean effective stress.
In the MIT-S1 model, there is no region of true linear elastic behavior. However, the response immediately after a load reversal is controlled by the small elastic moduli (K max and G max ) defined as follows:
where Ј = = mean effective stress;
den pressure; p a = atmospheric pressure; C b = material constant; = small strain Poisson's ratio (observed immediately Ј 0 after a load reversal); and = shear stress level. In principal, this ratio can be determined from the effective stress path measured during 1D unloading in laboratory triaxial tests (⌬ε v < 0; ⌬ε h = 0), where = ϩ and
is the measured effective stress path gradient after ⌬Ј/⌬Ј v h reversal. Eq. (5) and (6) provide an incrementally conservative elastic formulation, written in terms of the tangent moduli and explicitly including the effect of the current void ratio e in soil stiffness.
Hysteretic Behavior
The description of nonlinear behavior during unloading and reloading is also described by separate components for shear and volumetric response.
In modeling the response due to vertically propagating shear waves, only nonlinear behavior during shear is required for 1D problems. The perfectly hysteretic response is based on the incremental, isotropic relations between effective stress and elastic strain rates. For a load cycle in stress space, the perfectly hysteretic model describes a closed symmetric hysteresis loop in the stress-strain response of the material, using a formulation that is piecewise continuous (i.e., the moduli vary smoothly) between stress reversal points. Appendix I summarizes the equations used to formulate the perfectly hysteretic MIT-S1 model for horizontal cyclic shearing of a soil that is consolidated at a constant mean effective stress level Ј.
The ratio of shear to bulk moduli (for the specific case of Ј = during shearing is given by
where s = nondimensional distance in stress space that describes changes in the mean effective stress and stress ratio relative to conditions at the stress reversal point rev . For horizontal shear analysis, this distance is
The parameter is a constant, which relates the swelling behavior, and is selected from measurements of K 0 versus OCR during unloading. It can be determined directly from the effective stress path in 1D unloading
where K 0NC = lateral stress coefficient of the normally consolidated deposit, and
The stress reversal point is defined from the direction of the strain rates (Hardin and Drnevich 1972a) , based on the observation that the nonlinearity of the soil is most appropriately described in terms of strain history. The tangent bulk modulus during 1D unloading of a granular soil is described by
where r = current (tangential) slope of the hydrostatic swelling curve in a log e Ϫ log Ј space diagram, and s describes small strain nonlinearity during undrained shear.
Evaluation of Model Input Parameters
The dimensionless material parameters needed to evaluate the stress-strain behavior of a soil deposit under cyclic loading using the MIT-S1 model, which can be measured directly or estimated with similar procedures for both sands and clays, are summarized below:
• K 0NC -The coefficient of lateral earth pressure at rest. It can be directly measured from K 0 consolidation or from oedometer tests. It can also be estimated from empirical formulas [i.e., K 0 NC = 1 Ϫ sin (Jaky 1948; Mesri and Ј cs Hayat 1993)], with being the friction angle at large Ј cs strain conditions (critical state) in triaxial compression. For sands, this parameter is well-bounded with values = 33.6Њ Ϯ 2.5Њ. For practical applications, and in light Ј cs of the uncertainties of the present analysis, the writers have assumed K 0 = K 0NC and K 0 = 0.5.
• -The elastic Poisson's ratio immediately after load Ј 0 reversal that controls the ratio of small strain elastic moduli (i.e., 2G max /K max ). It is determined from the initial slope of the stress path during 1D swelling. For uncemented • -This parameter describes the variation of the elastic Poisson's ratio accompanying changes in the stress ratio [(9)] . Common values of are found to be = 1.0 Ϯ 0.5 for clays and sands (Pestana 1994 ).
• C b -This parameter defines the elastic bulk modulus at small strain levels (i.e., K max at stress reversal). For clean uniform sands, average values of C b are in the range of 800 Ϯ 100. For clays, on the other hand, the parameter C b decreases as the plasticity index increases. For low plasticity clays, Pestana and Whittle (1994) reported typical values of C b = 400-500.
• s -This parameter describes the small strain nonlinearity in shear, and it is evaluated through the analysis of shear modulus degradation with strain level.
EVALUATION OF SECANT SHEAR MODULUS REDUCTION CURVES
The MIT-S1 model formulation was next specialized and used to develop analytical expressions for the secant shear modulus G sec in terms of the maximum cyclic strain ␥ c , based on the definition of the tangential shear modulus G tan = d/d␥ (see Appendix I). For the evaluation of the shear modulus degradation curves, only the analytical expression of the backbone curve ( rev = 0; ␥ rev = 0) is needed: are parameters with constant value for a given soil and level of confining pressure. The backbone curve is then defined as follows:
where 2 2 3 3
Finally, the secant shear modulus can be written as a function of the maximum strain level
This modulus differs for each level of confining pressure. Four input constants are necessary to define the backbone curve given by (15). However, given the narrow range within which three of these parameters C b , and ) can vary, (Ј, 0 default values may be assumed for these, and only s needs to be specified for a given soil type. The proposed equations will then allow the generation of modulus degradation and damping curves, for all void ratios e and confining pressures Ј. The validity of this assumption was successively verified, by conducting sensitivity analysis to investigate the effects of these parameters on the results of wave-propagation simulations, performed for various soil profiles. Fig. 7 shows a comparison between the shear modulus reduction curves predicted by the proposed formulation and the experimental data presented by Laird and Stokoe (1993) . Fitting the shear modulus degradation curve predicted by the proposed model for an intermediate level of mean effective stress Ј = 110 kPa, the parameter s was found to be s = 2.40. Using this value, modulus degradation and damping curves were successively generated for the range of confining pressures of interest. Results are found to be in very good agreement for all tests with Ј = 28-1,800 kPa.
MATERIAL DAMPING USING MIT-S1 MODEL
Starting from the analytical expression for the backbone curve in the previous section, the theoretical value of material 
FIG. 8. Integration of Hysteresis Loop to Assess Material Damping
damping can also be derived as a function of maximum cyclic shear strain ␥ c for different levels of mean effective stress using (1). For this purpose, the area within the hys-Ј, 0 teresis loop must be evaluated. It is convenient to introduce the auxiliary variables shown in Fig. 8 ϩ
These denote a shift of the origin of the coordinates to the lower-left reversal point and a scaling of the coordinates by a factor of 0.5. Therefore, areas measured in the transformed coordinate system are one-quarter the areas in the actual shear stress-strain coordinate system. The shaded areas above the loop can be obtained (in local coordinates) as c c 1 1
so that the area within the hysteresis loop is evaluated as
c c 1
Using (1), the resulting material damping is
where G(␥ c ) = secant modulus associated with the strain amplitude ␥ c ; and (␥ c ) is defined in (14), for ␥ = ␥ c . The results are also summarized in Appendix I. Fig. 9 shows very good agreement between the damping predicted by (19) at different levels of confinement = 0-(Ј 0 1,766 kPa), with the experimental data on dry remolded sand specimens.
EXAMPLE OF APPLICATION
An idealized soil profile with a depth of 1,000 m and mass density varying from 2.12 ton/m 3 at the surface to 2.21 ton/m 3 at 1,000-m depth is subjected to an earthquake prescribed at the outcropping of rock. Two simulations are carried out in which the input motions are, respectively, the 1995 N-S JMA Kobe (Japan) and the 1989 Loma Prieta (California) accelerograms, both scaled to a maximum acceleration of 0.05g. The soil parameters are chosen identical to the remolded sand specimens from Laird and Stokoe (1993) . The variation of void ratio (and mass density) of the profile with depth was chosen to match the soil properties in Memphis, as reported by Abrams and Shinozuka (1997) . Table 1 lists the dimensionless input parameters for this model. These are used to estimate the small strain (␥ = 10 Ϫ6 ) shear modulus G max and to determine the modulus degradation and damping curves. The variation of the shear-wave velocity with depth is depicted in Fig. 10 , along with the reported profile for the Memphis area (Abrams and Shinozuka 1997) . The fundamental shear-beam frequency of the soil for this profile is 0.156 Hz, and there are 20 resonant modes in the frequency range of 0-5 Hz.
The variation of void ratio with the mean effective stress is taken from the original formulation for the MIT-S1 model for cohesionless soils (Pestana and Whittle 1995a,b) . The equations needed for this calculation are summarized in Fig. 11 , in which e 0 is the void ratio at Ј = 0; is a ''reference stress'' Ј r defined at e = 1.00; and C = 1/ c , with c being the slope of the limiting compression curve in log e-log Ј space. The variation of void ratio with confining pressure is given as follows:
For first loading:
For the limiting compression curve regime:
The dynamic response of the profile at the surface is calculated using the computer code LAYSOL (Kausel 1992) , which is based on a continuum formulation of the wave-propagation problem in the frequency-wave-number domain. The soil profile is divided into 100 homogeneous layers, each 10-m thick, whose material properties are inferred from Fig. 10 (tak- ing the values at the center of the layers).
Figs. 12 and 13 present the simulation results for the Kobe and Loma-Prieta earthquakes, respectively. The time histories of these earthquakes are shown in Figs. 12(a) and 13(a). Figs. 12(b) and 13(b) exhibit the simulated motions at the free surface, and Figs. 12(c) and 13(c) depict the corresponding Fourier amplitude spectra. In Figs. 12 and 13 , left-hand side shows the results obtained with the proposed pressure-dependent model formulation (reduced MIT-S1 model), and the right hand side displays those for the standard Seed-Idriss model for cohesionless soils (Seed and Idress 1970) . For convenience, both sets of figures are drawn to the same scale. Inspection of these figures reveals several important differences between the standard and proposed models:
• The new model produces generally larger amplifications.
• The high frequency components suffer much less filtering.
• The duration of strong motion as well as total response duration are longer.
All three of the above items are caused primarily by the decrease in damping with confining pressure and, therefore, with depth.
The figures also show a characteristic 1.6-s delay in initiation of the response at the surface. This is consistent with the travel time of shear waves between the basal rock and the surface with an average velocity of 600 m/s (as can be inferred from the 1/6-Hz resonant frequency and the 1,000-m thickness). Hence, the simulations satisfy causality. In addition, the reader should observe that while the response was obtained by Fourier inversion of the frequency response functions, the time histories do not suffer from wraparound (i.e., the ''dog bites tail'' phenomenon). In other words, the coda of the response does not spill into its beginning, as could have been expected for the lightly damped system with a long natural period being considered here. These desirable characteristics are accomplished with the ''complex exponential window method'' described by Kausel and Roësset (1992) .
CONCLUSIONS
This paper presented a simple four-parameter model for the dynamic shear moduli and damping characteristics of granular soils when they deform in shear only. This model is based on the MIT-S1 generalized plasticity model proposed earlier by Pestana and Whittle (1995a,b) . Its four parameters can readily be measured in the laboratory, or estimated from existing data. The shear moduli and damping values predicted by the proposed model were found to be in excellent agreement with experimental results obtained by Laird and Stokoe (1993) over a wide range of confining pressures.
The proposed formulation takes into account the effect of confining pressure on soil parameters and hysteretic behavior and, therefore, permits proper consideration of the hysteretic characteristics of the ground with depth. As demonstrated with two simulations for a 1-km-deep site, the dependence of the dynamic moduli on confining pressure can be an important consideration in the analysis of soil deposits for earthquake effects.
The simulations indicate that, when the confining pressure is taken into account, the elasticity of the soil steadily increases with depth. The refinement introduced by the pressuredependant characterization of the soil in turn alleviates significantly one of the alleged shortcomings of the standard equivalent-linear model, which is that it unrealistically wipes where C b and = elastic parameters; and and s = material Ј 0 constants introduced to characterize the hysteresis. The writers wish to thank Prof. Tom Schanz of U. Weimer and Prof. Glenn Rix of Georgia Tech for bringing this error to their attention.
Definition of Tangential Elastic Moduli
